Abstract. We prove that a language of a finitely generated free monoid is regular if and only if it satisfies the positive block pumping property. This gives a positive answer to a problem posed by
. N L and ≡ L are called, respectively, the right Nerode congruence and the syntactic congruence of L. The syntactic monoid of L is the quotient monoid M (L) = A * /≡ L . A monoid M is called periodic if for any m ∈ M , there exist two positive integers n, k, such that m n = m n+k . The reader is referred to the books of Eilemberg [4] and Hopcroft and Ullman [9] for the basic notions concerning the theory of formal languages. Here we recall the fundamental theorem of Myhill-Nerode [10] , [11] which says that a language L is regular if and only if the right congruence N L has finite index.
Preliminaries.
In this section we will recall some recent results of combinatorics on words that are fundamental tools in the study of finiteness condition for semigroups and in several combinatorial problems. We observe that, given a uniformly recurrent word b, it is possible to consider the function C: N → N, defined by
This function satisfies the following property. For any n > 0 and v ∈ F(b) with |v| > C(n), one has that
The importance of uniformly recurrent infinite words is due to the following. 
The previous theorem is proved in [5] using techniques of symbolic dynamics; a combinatorial proof is given in [2] . Let us consider now some combinatorial properties of uniformly recurrent infinite words.
Lemma 2.2. Let b ∈ A ω be a uniformly recurrent infinite word. For any n > 0 there exists a positive integer K(n) such that for any w ∈ A * , a ∈ A, with wa ∈ F (b) and |w| ≥ K(n) one has that
Proof. The proof is by induction on n. For n = 1 let K(1) = C(1), where C is the function associated to the word b. Let w ∈ A * , |w| ≥ K(1), and wa ∈ F (b). Then w must contain the letter a, so w = xay with x, y ∈ A * . The statement follows if we set w 1 = ay. Now let n > 1. By the induction hypothesis we may suppose that there exists an integer K(n − 1) that satisfies the statement for n − 1. Then we set
Let w ∈ A * , a ∈ A such that |w| ≥ K(n) and wa ∈ F (b). We can write w = xv, with |x| ≥ C(K(n − 1) + 1) and |v| = K(n − 1). Since va ∈ F (b), by the induction hypothesis one has
with λ ∈ A * , w i ∈ aA * for i ∈ {2, . . . , n} and w i ∈ w i+1 · · · w n aA * for i ∈ {2, . . . , n − 1}. By the properties of the function C, one has that x contains va as a factor and hence also w 2 · · · w n a. Then one can write x = λw 2 · · · w n aµ, with λ, µ ∈ A * , so that
Therefore, if we let w 1 = w 2 · · · w n aµλ , one has w 1 ∈ aA * , w 1 ∈ w 2 · · · w n aA * , and the statement is true.
3. Pumping conditions. In this section we recall the definitions of the pumping properties. Later on, after some technical lemmas, we will show that the positive block pumping property is a regularity condition. The proof is inspired by the techniques used in [3] to prove a similar result for the block cancellation property.
Definition 3.1. Let L be a language of A * , x ∈ A * , and x = uvw. We say that v is a pump for x relative to L if and only if for every i ≥ 0
We say that v is a positive pump if the latter condition is satisfied for every i > 0.
We say that L satisfies the block pumping property (resp., positive block pumping property) if there exists an integer m > 0 such that L satisfies BP m (resp., P P m ).
We say that L satisfies the block cancellation property if there exists an integer m > 0 such that L satisfies BC m . Remark. In the former definitions the integers i, j depend on the context (x, y) in which the block w 1 w 2 · · · w m is considered. If they do not depend on the context, then the corresponding properties will be called, respectively, uniform block pumping property and uniform block cancellation property. For instance, S satisfies the uniform block cancellation property if there exists an integer m > 0 such that for any
We observe that BP m implies BC m and P P m . Moreover, as shown in [3] , BC m implies BP m . The contribution of this paper is to show that all are the same and equivalent to regularity. We recall that in [3] it has been proved that if a language L satisfies the block cancellation property, then L is regular. In [1] a similar result is proved for the uniform positive block pumping property. In what follows we will prove that any language satisfying the positive block pumping property is regular (Theorem 3.7). First we prove that the languages satisfying P P m are closed under the map L → L σ (Lemma 3.4) and are finitely many in number (Lemma 3.6). The regularity of the languages satisfying P P m will hence follow from a Nerode-type argument (Lemma 3.3). Now we recall a version of the Ramsey theorem (cf. [6] ). Let X be a set and r a positive integer; we denote by P (X) the family of all the subsets of X, and we set P r (X) = {Y ∈ P (X) | card(Y ) = r}.
Theorem 3.1 (Ramsey). Let r, k be positive integers with 1 ≤ r ≤ k. Then there exists an integer R(r, k) such that for any set X, with card(X) = R(r, k), and for any bipartition
Lemma 3.2. Let m be a positive integer and
Proof. The proof is by induction on k. If k = 1, then the statement is true for M = m, since L 1 satisfies P P m . Let k > 1. By the induction hypothesis there exists an integer M that satisfies the statement for k − 1.
Then let us set M = R(2, M + 1), where R is the function of the Ramsey theorem. Let w 1 , w 2 , . . . , w M ∈ A * and X = {1, 2, . . . , M}. Let us consider the following bipartition of P 2 (X):
For the Ramsey theorem there exists
By the induction hypothesis, we can choose i, j, with 1 ≤ i < j ≤ M + 1 such that, for any s ∈ {1, . . . , k − 1},
The following lemma has already been proved in [3] ; however, we will report the proof for the sake of completeness.
Lemma 3.3. Let P be a property defined in P (A * ). If the following two conditions are satisfied, then any language satisfying P is regular:
(a) L satisfies P ⇒ L σ satisfies P for any σ ∈ A * , (b) the languages of A * satisfying P are finitely many. Proof. Let L be a language satisfying P and let N L be the Nerode congruence of L. One has that for any
Since the languages L σ with σ ∈ A * are finitely many, then N L has finite index and, by the Myhill-Nerode theorem, L is regular.
Proof. Since L satisfies P P m , there exist i, j with 1 ≤ i < j ≤ m + 1 such that for any s > 0
Therefore, for any s > 0 one has
and
The condition P P m , applied to w 1 = w 2 = · · · = w m = w, shows that there exists an integer k < m such that for any
Since k divides m!, there exists an integer s > 0 such that sk = m! and the statement is true.
Remark. Let L, L ⊆ A * be two languages such that M (L) and M(L ) are periodic. Then for any w ∈ A * there exist positive integers n, k, n , k such that w n ≡ L w n+k and w n ≡ L w n +k . We can obviously suppose that n = n and k = k , otherwise n and n could be replaced by max(n, n ) and k, k by lcm(k, k ) and the former relations still would hold.
Lemma 3.6. The languages of A * satisfying P P m are finitely many. Proof. Suppose that there exists an integer k > 0 such that for any L 1 , L 2 ⊆ A * satisfying P P m one has
Then the statement is trivially true. Let us suppose by contradiction that there exist infinitely many languages of A * satisfying P P m . Then such an integer k could not exist. Hence for any k > 0 there exists a word w k ∈ A * and two languages L 1,k , L 2,k satisfying P P m such that
Moreover we may suppose that w k has minimal length; that is, for any l < |w k | one has Let
Since |u| = N , we can write
) and all u i are in F (b). Therefore, there exists a word v ∈ F (b) with |v| = K(M ) such that
Hence, since w = xuy, one can write
, and for any s > 0
for t = 1, 2. Now let z be the maximal common prefix of z n and y . Since v < z n and v < y we have that |z | ≥ |v| ≥ K(M). Let y ∈ A * such that y = z y . We now prove the following claim. Claim A. There exists λ ∈ A * such that (3.4) x z y ∈ L t ⇔ x z n λy ∈ L t and (3.5)
for t = 1, 2.
Therefore, from (3.4) it follows that (3.12) x zy ∈ L t ⇔ x y ∈ L t for t = 1, 2. We recall that
for l < |w| and therefore
Hence by (3.12),
From here, since x zy = w, we have
which is a contradiction, because w ∈ L 1 and w ∈ L 2 . Proof. If L satisfies the positive block pumping property then there exists an integer m such that L satisfies P P m . From Lemmas 3.6, 3.4, and 3.3 it follows that L is regular. Conversely, if L is regular, then it is easy to prove [3] that L satisfies P P m for a suitable m > 0.
